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. Abstract 

Q^' It is well known that the Camassa-Holm equation possesses numerous remarkable 

properties characteristic for KdV type equations. In this paper we show that it 
shares one more property with the KdV equation. Namely, it is shown in [T] [2j that 
the KdV and the modified KdV equations are self-adjoint. Starting from the gen- 
eralization [3] of the Camassa-Holm equation [3], we prove that the Camassa-Holm 
equation is self-adjoint. This property is important, e.g. for constructing conser- 
vation laws associated with symmetries of the equation in question. Accordingly, 
. we construct conservation laws for the generalized Camassa-Holm equation using its 

symmetries. 
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; 1 Introduction 

The Camassa-Holm equation 

F = Ut — Utxx ~ U Uxxx ~ 2 UxUxx + 'iuUx + KUx = ^ (l) 

has appeared in [1], [5] as a shallow water wave equation. Here u{t,x) is the 
fluid velocity in the x direction and k is an arbitrary constant. Eq. ([1]) was 
studied also by Fokas [6] and Fuchsstainer [7]. 

Clarkson, Mansfield and Priestley [3] studied the third-order nonlinear 
equation of the form 

F = Ut — £ Utxx — U Uxxx — P UxUxx — aUUx + K,Ux = (2) 

with arbitrary parameters e, a, /3. It contains not only the Camassa-Holm 
equation ([1]) as a particular case, but also other interesting nonlinear equations 
such as: 
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• the Fornberg-Whitham equation [S] 

• the Rosenau-Hyman equation [9] 

Eq. ([1]), as any evolution type equation, does not have a usual LagrangiaE0. 
Therefore the classical Noether theorem cannot be employed for constructing 
conservation laws using symmetries of Eq. ([T]). On the other hand, a new 
procedure was developed in [2] for constructing conservations laws associated 
with symmetries. The new procedure allows one to construct a conservation 
law using any (Lie point, Lie-Backlund, nonlocal, etc.) symmetry of any differ- 
ential equation. However, the resulting conservation laws involve, in general, 
not only the solutions of the original equation, but also so-called nonlocal vari- 
ables, namely solutions of the adjoint equation. The nonlocal variables can 
be eliminated if the equation under consideration is quasi self-adjoint (or, in 
particular, self-adjoint) in the sense defined in [11]. Therefore the quasi self- 
adjointness is important for constructing conservation laws. Accordingly, we 
start our paper with investigating the quasi self-adjointness of the generalized 
Camassa-Holm equation ([2]). Our construction require the concepts of the 
formal Lagrangian and the adjoint equation for Eq. ([2]). 

2 Formal Lagrangian and adjoint equation 

According to the procedure suggested in [2j, we introduce the formal La- 
grangian 

C = VF = v[Ut — e Utxx — UUxxx — P U^U^x — OL UUx + K Mx] (3) 

and define the adjoint equation F* = by 

F* = ^ = 0. (4) 

ou 



^By this we mean that there is no function L(x,t,u,Ux,Ut,UxxTUtx, ■ ■ ■) such that Eq. 
([l} is identical with the Euler-Lagrange equation 

5L dL dL dL . dL dL 

— = j-- Dxj. Dt^ + Dl- + DtDx^ + • . • = 0. 

ou ou OUx OUt UUxx t)Utx 

However it is shown in |10| that the CH equation can be written as the Euler-Poincare 
equation. It also admits two canonical Hamiltonian representations, namely in terms of the 
Clebsch variables and the so-called peakon variables, obtained by using different momentum 
maps. 
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Here v = v(t, x) is a new dependent variable, 

T- = ir-D,— + DiDj- DiD.DkT. + ... {i,j,k = 1,2), 

OU OU OUi OUij OUijk 

is the variational derivative and 

^ d d d d d d d 

Di = — + Ui— + Vi— + Uij- h Vij- h Uijk^ h Vijk^ h ... 

OX^ OU OV OUj OVj OUjk OVjk 

is the operator of total differentiation with respect to x^ {x^ = t, x^ = x). The 
usual convention of summation over repeated indices is used. 
We have 

du dut dux ^ duxx ^ duxxx dutxx 
and, taking into account the relation ([3]), we obtain 

F* = — vuxxx — OL vux — Dtiv) — Dx{—P vuxx — avu + Kv) 
+ Dl{-PvUx)-Dl{-vu) + eD,Dl{v). 

Performing here the differentiations, we arrive at the following adjoint Eq. (jlj): 

F* = -vt + e vtxx + uvxxx + (3 - /3) {uxVxx - VxUxx) + auvx- i^Vx = (6) 

Definition 1. An equation F = is said to be quasi self-adjoint [TT] if there 
exists a function 

v = ^{u), ^'{u)^Q, (7) 

such that 

F* \v=^{u)= A F (8) 

with an undetermined coefficient A. If in ([7]) ^p{u) = u, we say that the equation 
F = is self- adjoint. 

Taking into account the expression of F* and using Eq. ([7]) together 
with its consequences 

Vt = ip'ut, Vx = (p'Ux, 
Vtx = V'utx + ^"utUx, Vxx = ^'Uxx + V"ul, 



Vtxx = ^'Utxx + 2(p"UxUtx + ^"UtUxx + '^'''UtU 
Vxxx — V,xxx ~\~ Sip 

UxUxx + (f U^, 



we rewrite Eq. dH]) in the following form: 

-i^'ut + aif'uur, - K (f'uj, + \ip"'u - (/3 - 3) v?")] + ^'^ '^xxx 

+ e v^'wixx + [3 ^"u - 2 (/3 - 3) v?')] + 2 e + e m^. 

+ e v3"Mt ^Xxx = A (wf - e Utxx - uUn,xx - ol uun, - 13 u^u^^ + nu^). (9) 

Eq. (|9]) should be satisfied identically in all variables Ut, Ux, Uxx, ■ ■ ■ ■ Com- 
paring the coefficients of Ut in both sides of Eq. (Q, we obtain A = Then 
we equate the coefficients of UxUtx and get: 

eip" = 0. (10) 

According to Eq. (fTOj) . the procedure splits into two cases: 

e = 0, (11) 
e^O, ip" = 0. (12) 

In the case (fTT!) we compare the coefficients of Ux Uxx and arrive at the 
equation 

¥?"«+(/?- 2) (/?' = 0. (13) 
Integrating Eq. f[T^ we obtain 

^(.) = |^ + ^f" f^^' (14) 
^ \ a + 6 Inw, /3 = 1, ^ ^ 

where a and h are arbitrary constants. The coefficients of the other terms in 
both sides of Eq. ([9]) are equal due to Eq. (fT3l) . Hence we have proved that 
the equation 

Ut — U Uxxx — P UxUxx — aUUx + KUx = Q (15) 

is quasi self-adjoint and that the substitution ([7j) has the form 

a + h\nu, (3 = 1. ^ ' 

Now we consider the case f|T2l) . In this case the comparison of the coeffi- 
cients for UxUxx yields that /3 = 2. The coefficients of the other terms in both 
sides of Eq. ^ are equal. Thus we have proved that the equation 

Ut — e Utxx — U Uxxx — 2 UxUxx — aUUx + KUx = (17) 

is quasi self-adjoint for any parameters e, a, k and that the substitution ([7j) 
has the following form: 

v = a + bu. (18) 
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We can take, in particular, a = and b = 1. Hence Eq. fll7p coincides with its 
adjoint equation after the substitution v = u. According to [I], it means that 
the generalized Camassa-Holm equation f|T71) is self-adjoint. 

In conclusion of this section we note that the Fornberg-Whitham equation 

Ut — Utxx ~ U Uxxx ~ 3 UxUxx + UUx + Ux = (19) 

is not quasi self-adjoint in the sense of Definition 1. 



3 Conservation laws 



3.1 General form 

We rewrite the formal Lagrangian in the symmetric form 



C = v 



Ut - -{Utxx + Uxtx + Uxxt) - U Uxxx " " UxUxx - (3uUx + KUx . (20) 



Eq. ([2]) is said to have a nonlocal conservation law if there exits a vector 
C = (C^,C^) satisfying the equation 



DtiC') + Dx{C^) = 



(21) 



on any solution of the system (I2l), ([6]). Eq. ([2]) has a local conservation law if 
fl2T]) is satisfied on any solution of Eq. ([2]). 

The conserved vector corresponding to an operator 



d d d 

X = C\t, x,u)— + ^^(t, + V{t, X, u) — 

admitted by Eq. 02]) is obtained by the following formula [2]: 

dC 



(22) 



c" = CC + w 

+ D,{W) 
where z, A; = 1, 2 and 



dC 






dui 




dC 

duij 




f dC 

\duijk 



duii 



ijk 



DjDkiW) 



dC 



du 



ijk 



(23) 



We will construct the conserved vectors fl23|) using the Lie point symmetries 
22]) of Eq. (j^ found in 0. 
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3.2 Rosenau-Hyman equation 



Letting in Eq. ([T5|) a = 1, /3 = 3, k = 0, we obtain the Rosenau-Hyman 
equation 

Ut — U Uxxx — 3 UxUxx — UUx = 0. (24) 

In this case, the formal Lagrangian (120|1 and the substitution (fT^ assume the 
forms 

£ = f [-Uf — UUxxx ~ 3 "Ux^xo: — ww^] (25) 

and 

v = a + bu^, (26) 

respectively. We construct the conservation law associated with the scaling 
symmetry 

f) rl 

(27) 



X-u—~t — 
du dt 



For this symmetry we have W = u + tut- Writing the quantities ( l23l) without 
the term since the Lagrangian £ is equal to zero on solutions of Eq. (12^ 
and taking into account the structure of the formal Lagrangian (!25|) . we obtain 



= W 



C = W 



dut' 

dux \ dUxa 



(28) 



+ Dx{W) 



dC 



+ Di 



dC 



dC 



+ Dl{W) 



Substituting in ( 128|) and ( l29l) the expression ( l25l) for £, we get 

= vW, 

= (—U V + UxVx — V Uxx — U Vxx) W 

+ {uVx-2vUx)Dx{W)-uvDl{W). 



(29) 



(30) 



(31) 



Now we substitute in Eq. ( l30l) the expression W = u + tut, eliminate ut by 
using Eq. fl2^ and obtain: 

= UV + tV (u Uxxx + UUx + 'i UxUxx) 



UV + tUVUx 



t VxUl - t Dx {u V) Ux 



+ Dx [tuvuxx + ^tvul 



(32) 



We can shift the last term in Eq. (152]) into by using the identity 
and obtain 

3 

= UV + tUVUx — -t VxUl — tDx{u v) Uxx- (33) 

Now we substitute in Eq. f p3|) the expression fl26l) for i;, shift the terms of 
the form Dx{ - ■ •) into and finally arrive at the conserved vector with the 
following components: 



= au + bu 



1 \ f5 ^ ^^^^ 

C"^ = -a { -u^ + ul + uuxxj - b i-u'^ + 3u^ Uxx 



The vector ( IMI) is a linear combination with constant coefficients a and 6 of 
the following two linearly independent conserved vectors: 

C^ = u, C'^ = -^u^ - ul - uuxx (35) 

and 

C^ = u\ = -^u^ -Su^Uxx. (36) 

The conservation equation fl?Il) for the vector coincides with Eq. (^^, 
whereas the vector (136|1 provides a new conservation law for the Rosenau- 
Hyman equation. 



3.3 Camassa-Holm equation 

For the Camassa-Holm equation ([1]) the formal Lagrangian fl20l) is written 



C = v 



1 

Ut — —{Utxx + Uxtx + ''^xxi) ~ ''^''^xxx ~ 2 UxUxx + 3 titi^;; + K Uj. 



(37) 



We will construct the conservation law by taking the substitution ( ITSi) of the 
particular form v = u. We use the following symmetry of Eq. ([T]): 
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Proceeding as in Section 13. 2[ we obtain the following conserved vector associ- 
ated with the symmetry f l38p : 

=2{u^ + ul) + KU, 

When K = in Eq. ([1]) the symmetry fl38|l takes the form fl27j) . and the 
conserved vector fl39l) becomes 

= u'^ + ul, C"^ = 2 {u^ - u\^^ - u Mte) . (40) 

It is shown in [1] that the well known infinite series of conservation laws 
of the KdV equation can be obtained by applying the formulae ( !23|) to the 
infinite set of Lie-Backlund and non-local symmetries of the KdV equation. 
The similar procedure can be applied to the Camassa-Holm and Rosenau- 
Hyman equations. This is a topic for further research. 
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